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Question 1: what would be dynamics of the oscillator if there  
                   were no observed input?
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regular and irregular 
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unobserved input

unobserved input

observed input

Question 2: what would be dynamics of the oscillator if there  
                   were no other inputs?

Question 1: what would be dynamics of the oscillator if there  
                   were no observed input?
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Question 1: how does the respiratory-related heart rate variability  
                   look like?
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observed oscillator

unobserved brain rhythms

unobserved random forces

observed: respiratory  
           rhythm

Question 2: what is the cardiac rhythm variability due to sources  
                   other than respiration?     

Question 1: how does the respiratory-related heart rate variability  
                   look like?
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unobserved brain rhythms

unobserved random forces

observed: respiratory  
           rhythm

Question 2: what is the cardiac rhythm variability due to sources  
                   other than respiration?     

Question 1: how does the respiratory-related heart rate variability  
                   look like?

Our approach is based on inference of the phase dynamics equation 
from observations
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regular and irregular 
inputsobserved oscillator

unobserved input

unobserved input

observed input

Suppose we can reconstruct phase dynamics from observations:

φ ψ

η1(t)

ηk(t)

·φ = ω + Q(φ, ψ) + ∑
k

Qk(φ, ηk(t)) = ω + Q(φ, ψ) + ζ
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Suppose we can reconstruct phase dynamics from observations:

Question 1: what would be dynamics of the oscillator if there  
                   were no observed input?

we solve equation ·φ = ω + ζ

Question 2: what would be dynamics of the oscillator if there  
                   were no other inputs?

we solve equation ·φ = ω + Q(φ, ψ)

·φ = ω + Q(φ, ψ) + ∑
k

Qk(φ, ηk(t)) = ω + Q(φ, ψ) + ζ
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noise

Suppose we have a noisy system, e.g.
··x − 4(1 − ·x2) ·x + x = p(t) = ε cos(νt) + ζ(t)

We use                     to infer Q via fit from observations φ, ψ = νt
While fit     averaging, the random perturbations are washed out ≈
and we obtain equation 

·φ = ω + Q(φ, νt)

For weak perturbation         the coupling function reads                               
·φ = ω + Q(φ, νt) + QN(φ, ζ(t))

p(t)

Deterministic part describes the  
noise-free system

·φ ≈ ω + Q(φ, νt)
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We obtain equation ·φ ≈ ω + Q(φ, νt)
that describes noise-free system and we can solve it
numerically for different     to predict domain of lockingν
Thus, we can find the Arnold tongue from a few 
measurements of noisy systems
In experiments, phase can be estimated from data,

It works perfectly for weak noise and quite good for strong one! 

e.g., with the help of the Hilbert Transform
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Noisy Rayleigh oscillator

true curve for the noise-free system

true curve for the noisy system

⌫⇤ = 0.6
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Main example: cardiorespiratory interaction
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1 2

A model: two coupled 
self-sustained oscillators

Analysis: synchronization indices, directionality indices

reconstruction of the phase dynamics model

Our main interest: respiratory-related heart rate variability



Coupled oscillators:  phase description
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1 2

A model: two coupled 
self-sustained oscillators

·φ1 = ω1 + Q1(φ1, φ2)
·φ2 = ω2 + Q2(φ1, φ2)



Coupled oscillators:  phase description
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1 2

A model: two coupled 
self-sustained oscillators

These equations can be reconstructed from data

·φ1 = ω1 + Q1(φ1, φ2)
·φ2 = ω2 + Q2(φ1, φ2)

coupling functions



Cardiorespiratory interaction in adults
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Experiments on healthy humans

• Spontaneous respiration, supine position, rest state 

• Data: ECG, arterial pulse, respiration



Cardiac dynamics: the coupling function
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·φ = ω + QR(φ, ψ)

Cardiac phase from ECG Phase of respiration

φ ψω
+

Q
R(

φ,
ψ)

stands for ‘respiration’



We used the model of two coupled oscillators… 
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Cardiac Respir.

…but it is too simplistic!



Interaction with the environment 
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Cardiac Respir.

Irregular inputs (noises)

Other rhythmical inputs (e.g. some brain rhythms)



Phase dynamics with account of many inputs
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·φ = ω + QR(φ, ψ) + ∑
s

Qs(φ, ηs) + ζ

Cardiac phase from ECG Phase of respiration

ξ = ∑
s

Qs(φ, ηs) + ζ

other inputs intrinsic fluctuations

Thus, we have two terms:

describes variability due to respiration only

describes effect of everything else  
except respiration

For weak inputs we expect to have a sum of coupling functions 
for different inputs, while for stronger inputs we expect cross-terms

QR(φ, ψ)



Phase dynamics with account of many inputs
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·φ − ω = QR(φ, ψ) + ξ

Heart rate variability  
(HRV)

RSA= respiratory sinus arrhythmia

ξ = ∑
s

Qs(φ, ηs) + ζ

variability due 
to respiration  
(RSA-HRV)

variability due to 
everything else  

(non-RSA-HRV)

Thus, we have two terms:

describes variability due to respiration only

describes effect of everything else  
except respiration

QR(φ, ψ)

Hence, we achieve a decomposition:



Phase dynamics with account of many inputs
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·φ − ω = QR(φ, ψ) + ξ

Heart rate variability  
(HRV)

variability due 
to respiration  
(RSA-HRV)

variability due to 
everything else  

(non-RSA-HRV)

Hence, we achieve a decomposition:

Practically: we estimate        from time series  QR
·φk, φk, ψk

Then we compute the rest term ξk = ·φk − ω − μk

Then we compute time series μk = QR(φk, ψk)

Thus, ·φk − ω = μk + ξk

HRV=RSA-HRV+non-RSA-HRV



How good is this decomposition?
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Var(RSA-HRV)+Var(Non-RSA-HRV)     Var(HRV)≈
as expected for non-correlated processes



Decomposition: power spectra
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Respiratory-related peaks are well-described by

RSA-HRV component 

Subject with maximal content of respiratory-related component

respiratory frequency side-bands of the heart rate
Var(RSA-HRV)       0.67 Var(HRV)⇡



Decomposition: power spectra
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Even for very weak RSA-HRV component

the respiratory-related peaks are reasonably represented

Subject with minimal content of respiratory-related component

respiratory frequency side-band of the heart rate



Summary for this example 
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Starting with instantaneous phases of cardiac and respiratory  
systems we disentangled heart rate variability into a component 
due to respiration and a component due to other factors

However, medical doctors and researchers are used to operate 
with inter-beat intervals (RR-intervals)

We have to generate sequences of RR-intervals
for respiratory-related and non-respiratory related
components



Phase dynamics with account of many inputs
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·φ = ω + QR(φ, ψ) + ξ

Cardiac phase from ECG Phase of respiration

other inputs and intrinsic fluctuations

Now we introduce two new phases:
φR

φNR

describes effect of respiration (and only respiration!)

describes effect of everything else except respiration
and obeys ·φR = ω + QR(φR, ψ)

and obeys ·φNR = ω + ξ
We obtain new phases solving the corresponding equations

(Euler technique)



New RR-intervals
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We obtain                 simulating the corresponding equationφR, φNR

We obtain instants of respiratory-related R-peaks from the 
condition φR(tR

k ) = 2πk

We obtain instants of non-respiratory-related R-peaks from the 
condition φNR(tNR

k ) = 2πk

RR-intervals                   :  respiratory-related component of HRV tR
k+1 − tR

k

RR-intervals                    :  variability due to all other factors tNR
k+1 − tNR

k



Approach at a glance 
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respiration

ECG 

10s

1s

2⇡

time

2⇡

time

0

0

'

 

'
 

'̇
Coupling Function  QR
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'̇ = ! + QR(', )
<latexit sha1_base64="AE2lYr1NSCeTWpNylP1Kj/4WPT4=">AAACFnicbVDLSsNAFJ3UV42vqEs3wSpUlJKIoC6EohuXrRhbaEKYTKbt0EkmzEwKJfQH/AP/wq1uXIlbt4If46TNQlsPDBzOuY+5J0goEdKyvrTSwuLS8kp5VV9b39jcMrZ3HgRLOcIOYpTxdgAFpiTGjiSS4nbCMYwCilvB4Cb3W0PMBWHxvRwl2ItgLyZdgqBUkm8cuCGT7hDypE+uXBbhHjxu+nfVQjpxE0GOfKNi1awJzHliF6QCCjR841uNRWmEY4koFKJjW4n0MsglQRSPdTcVOIFoAHu4o2gMIyy8bHLN2DxUSmh2GVcvluZE/d2RwUiIURSoygjKvpj1cvE/r5PK7oWXkThJJY7RdFE3paZkZh6NGRKOkaQjRSDiRP3VRH3IIZIqQF13A0bDfKqKw549fp44p7XLmt08q9Svi1zKYA/sgyqwwTmog1vQAA5A4BE8gxfwqj1pb9q79jEtLWlFzy74A+3zB6gknzc=</latexit><latexit sha1_base64="AE2lYr1NSCeTWpNylP1Kj/4WPT4=">AAACFnicbVDLSsNAFJ3UV42vqEs3wSpUlJKIoC6EohuXrRhbaEKYTKbt0EkmzEwKJfQH/AP/wq1uXIlbt4If46TNQlsPDBzOuY+5J0goEdKyvrTSwuLS8kp5VV9b39jcMrZ3HgRLOcIOYpTxdgAFpiTGjiSS4nbCMYwCilvB4Cb3W0PMBWHxvRwl2ItgLyZdgqBUkm8cuCGT7hDypE+uXBbhHjxu+nfVQjpxE0GOfKNi1awJzHliF6QCCjR841uNRWmEY4koFKJjW4n0MsglQRSPdTcVOIFoAHu4o2gMIyy8bHLN2DxUSmh2GVcvluZE/d2RwUiIURSoygjKvpj1cvE/r5PK7oWXkThJJY7RdFE3paZkZh6NGRKOkaQjRSDiRP3VRH3IIZIqQF13A0bDfKqKw549fp44p7XLmt08q9Svi1zKYA/sgyqwwTmog1vQAA5A4BE8gxfwqj1pb9q79jEtLWlFzy74A+3zB6gknzc=</latexit><latexit sha1_base64="AE2lYr1NSCeTWpNylP1Kj/4WPT4=">AAACFnicbVDLSsNAFJ3UV42vqEs3wSpUlJKIoC6EohuXrRhbaEKYTKbt0EkmzEwKJfQH/AP/wq1uXIlbt4If46TNQlsPDBzOuY+5J0goEdKyvrTSwuLS8kp5VV9b39jcMrZ3HgRLOcIOYpTxdgAFpiTGjiSS4nbCMYwCilvB4Cb3W0PMBWHxvRwl2ItgLyZdgqBUkm8cuCGT7hDypE+uXBbhHjxu+nfVQjpxE0GOfKNi1awJzHliF6QCCjR841uNRWmEY4koFKJjW4n0MsglQRSPdTcVOIFoAHu4o2gMIyy8bHLN2DxUSmh2GVcvluZE/d2RwUiIURSoygjKvpj1cvE/r5PK7oWXkThJJY7RdFE3paZkZh6NGRKOkaQjRSDiRP3VRH3IIZIqQF13A0bDfKqKw549fp44p7XLmt08q9Svi1zKYA/sgyqwwTmog1vQAA5A4BE8gxfwqj1pb9q79jEtLWlFzy74A+3zB6gknzc=</latexit><latexit sha1_base64="AE2lYr1NSCeTWpNylP1Kj/4WPT4=">AAACFnicbVDLSsNAFJ3UV42vqEs3wSpUlJKIoC6EohuXrRhbaEKYTKbt0EkmzEwKJfQH/AP/wq1uXIlbt4If46TNQlsPDBzOuY+5J0goEdKyvrTSwuLS8kp5VV9b39jcMrZ3HgRLOcIOYpTxdgAFpiTGjiSS4nbCMYwCilvB4Cb3W0PMBWHxvRwl2ItgLyZdgqBUkm8cuCGT7hDypE+uXBbhHjxu+nfVQjpxE0GOfKNi1awJzHliF6QCCjR841uNRWmEY4koFKJjW4n0MsglQRSPdTcVOIFoAHu4o2gMIyy8bHLN2DxUSmh2GVcvluZE/d2RwUiIURSoygjKvpj1cvE/r5PK7oWXkThJJY7RdFE3paZkZh6NGRKOkaQjRSDiRP3VRH3IIZIqQF13A0bDfKqKw549fp44p7XLmt08q9Svi1zKYA/sgyqwwTmog1vQAA5A4BE8gxfwqj1pb9q79jEtLWlFzy74A+3zB6gknzc=</latexit>

+⇠(t)
<latexit sha1_base64="oscQ3WMp4Ca1oRVqRy3smF/WShg=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoCCURQd0V3bisYGyhCWUymbRDJzNhZiLW0I9wqxtX4tbPEfwYJ20W2npg4HDOvXfuPWHKqNKO82VVlpZXVteq6/bG5tb2Tm13716JTGLiYcGE7IZIEUY58TTVjHRTSVASMtIJR9eF33kgUlHB7/Q4JUGCBpzGFCNtpM6J/0gb+rhfqztNZwq4SNyS1EGJdr/27UcCZwnhGjOkVM91Uh3kSGqKGZnYfqZIivAIDUjPUI4SooJ8uu4EHhklgrGQ5nENp+rvjhwlSo2T0FQmSA/VvFeI/3m9TMcXQU55mmnC8eyjOGNQC1jcDiMqCdZsbAjCkppdIR4iibA2Cdm2HwoWFVNNHO788YvEO21eNt3bs3rrqsylCg7AIWgAF5yDFrgBbeABDEbgGbyAV+vJerPerY9ZacUqe/bBH1ifP6qQkq4=</latexit><latexit sha1_base64="oscQ3WMp4Ca1oRVqRy3smF/WShg=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoCCURQd0V3bisYGyhCWUymbRDJzNhZiLW0I9wqxtX4tbPEfwYJ20W2npg4HDOvXfuPWHKqNKO82VVlpZXVteq6/bG5tb2Tm13716JTGLiYcGE7IZIEUY58TTVjHRTSVASMtIJR9eF33kgUlHB7/Q4JUGCBpzGFCNtpM6J/0gb+rhfqztNZwq4SNyS1EGJdr/27UcCZwnhGjOkVM91Uh3kSGqKGZnYfqZIivAIDUjPUI4SooJ8uu4EHhklgrGQ5nENp+rvjhwlSo2T0FQmSA/VvFeI/3m9TMcXQU55mmnC8eyjOGNQC1jcDiMqCdZsbAjCkppdIR4iibA2Cdm2HwoWFVNNHO788YvEO21eNt3bs3rrqsylCg7AIWgAF5yDFrgBbeABDEbgGbyAV+vJerPerY9ZacUqe/bBH1ifP6qQkq4=</latexit><latexit sha1_base64="oscQ3WMp4Ca1oRVqRy3smF/WShg=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoCCURQd0V3bisYGyhCWUymbRDJzNhZiLW0I9wqxtX4tbPEfwYJ20W2npg4HDOvXfuPWHKqNKO82VVlpZXVteq6/bG5tb2Tm13716JTGLiYcGE7IZIEUY58TTVjHRTSVASMtIJR9eF33kgUlHB7/Q4JUGCBpzGFCNtpM6J/0gb+rhfqztNZwq4SNyS1EGJdr/27UcCZwnhGjOkVM91Uh3kSGqKGZnYfqZIivAIDUjPUI4SooJ8uu4EHhklgrGQ5nENp+rvjhwlSo2T0FQmSA/VvFeI/3m9TMcXQU55mmnC8eyjOGNQC1jcDiMqCdZsbAjCkppdIR4iibA2Cdm2HwoWFVNNHO788YvEO21eNt3bs3rrqsylCg7AIWgAF5yDFrgBbeABDEbgGbyAV+vJerPerY9ZacUqe/bBH1ifP6qQkq4=</latexit><latexit sha1_base64="oscQ3WMp4Ca1oRVqRy3smF/WShg=">AAAB93icbVDLSsNAFJ3UV42vqks3g0WoCCURQd0V3bisYGyhCWUymbRDJzNhZiLW0I9wqxtX4tbPEfwYJ20W2npg4HDOvXfuPWHKqNKO82VVlpZXVteq6/bG5tb2Tm13716JTGLiYcGE7IZIEUY58TTVjHRTSVASMtIJR9eF33kgUlHB7/Q4JUGCBpzGFCNtpM6J/0gb+rhfqztNZwq4SNyS1EGJdr/27UcCZwnhGjOkVM91Uh3kSGqKGZnYfqZIivAIDUjPUI4SooJ8uu4EHhklgrGQ5nENp+rvjhwlSo2T0FQmSA/VvFeI/3m9TMcXQU55mmnC8eyjOGNQC1jcDiMqCdZsbAjCkppdIR4iibA2Cdm2HwoWFVNNHO788YvEO21eNt3bs3rrqsylCg7AIWgAF5yDFrgBbeABDEbgGbyAV+vJerPerY9ZacUqe/bBH1ifP6qQkq4=</latexit>

(Eq. 6)
<latexit sha1_base64="aRAAVEOEzCRJcDCCuZCa6ziv3eE=">AAACAXicbVDLSsNAFJ3UV42PVl26GSxC3YRExAduiiK4rGBsoSllMp20QycPZ27EErrzL9zqxpW49UsEP8Zpm4W2HrhwOOfemXuPnwiuwLa/jMLC4tLySnHVXFvf2CyVt7bvVJxKylwai1g2faKY4BFzgYNgzUQyEvqCNfzB5dhvPDCpeBzdwjBh7ZD0Ih5wSkBLnXLJA/YIWfXq3vLOjw9GnXLFtuwJ8DxxclJBOeqd8rfXjWkasgioIEq1HDuBdkYkcCrYyPRSxRJCB6THWppGJGSqnU0WH+F9rXRxEEtdEeCJ+nsiI6FSw9DXnSGBvpr1xuJ/XiuF4LSd8ShJgUV0+lGQCgwxHqeAu1wyCmKoCaGS610x7RNJKOisTNPzY9Edv6rjcGaPnyfuoXVmOTdHldpFnksR7aI9VEUOOkE1dI3qyEUUpegZvaBX48l4M96Nj2lrwchndtAfGJ8/9y+WHQ==</latexit><latexit sha1_base64="aRAAVEOEzCRJcDCCuZCa6ziv3eE=">AAACAXicbVDLSsNAFJ3UV42PVl26GSxC3YRExAduiiK4rGBsoSllMp20QycPZ27EErrzL9zqxpW49UsEP8Zpm4W2HrhwOOfemXuPnwiuwLa/jMLC4tLySnHVXFvf2CyVt7bvVJxKylwai1g2faKY4BFzgYNgzUQyEvqCNfzB5dhvPDCpeBzdwjBh7ZD0Ih5wSkBLnXLJA/YIWfXq3vLOjw9GnXLFtuwJ8DxxclJBOeqd8rfXjWkasgioIEq1HDuBdkYkcCrYyPRSxRJCB6THWppGJGSqnU0WH+F9rXRxEEtdEeCJ+nsiI6FSw9DXnSGBvpr1xuJ/XiuF4LSd8ShJgUV0+lGQCgwxHqeAu1wyCmKoCaGS610x7RNJKOisTNPzY9Edv6rjcGaPnyfuoXVmOTdHldpFnksR7aI9VEUOOkE1dI3qyEUUpegZvaBX48l4M96Nj2lrwchndtAfGJ8/9y+WHQ==</latexit><latexit sha1_base64="aRAAVEOEzCRJcDCCuZCa6ziv3eE=">AAACAXicbVDLSsNAFJ3UV42PVl26GSxC3YRExAduiiK4rGBsoSllMp20QycPZ27EErrzL9zqxpW49UsEP8Zpm4W2HrhwOOfemXuPnwiuwLa/jMLC4tLySnHVXFvf2CyVt7bvVJxKylwai1g2faKY4BFzgYNgzUQyEvqCNfzB5dhvPDCpeBzdwjBh7ZD0Ih5wSkBLnXLJA/YIWfXq3vLOjw9GnXLFtuwJ8DxxclJBOeqd8rfXjWkasgioIEq1HDuBdkYkcCrYyPRSxRJCB6THWppGJGSqnU0WH+F9rXRxEEtdEeCJ+nsiI6FSw9DXnSGBvpr1xuJ/XiuF4LSd8ShJgUV0+lGQCgwxHqeAu1wyCmKoCaGS610x7RNJKOisTNPzY9Edv6rjcGaPnyfuoXVmOTdHldpFnksR7aI9VEUOOkE1dI3qyEUUpegZvaBX48l4M96Nj2lrwchndtAfGJ8/9y+WHQ==</latexit><latexit sha1_base64="aRAAVEOEzCRJcDCCuZCa6ziv3eE=">AAACAXicbVDLSsNAFJ3UV42PVl26GSxC3YRExAduiiK4rGBsoSllMp20QycPZ27EErrzL9zqxpW49UsEP8Zpm4W2HrhwOOfemXuPnwiuwLa/jMLC4tLySnHVXFvf2CyVt7bvVJxKylwai1g2faKY4BFzgYNgzUQyEvqCNfzB5dhvPDCpeBzdwjBh7ZD0Ih5wSkBLnXLJA/YIWfXq3vLOjw9GnXLFtuwJ8DxxclJBOeqd8rfXjWkasgioIEq1HDuBdkYkcCrYyPRSxRJCB6THWppGJGSqnU0WH+F9rXRxEEtdEeCJ+nsiI6FSw9DXnSGBvpr1xuJ/XiuF4LSd8ShJgUV0+lGQCgwxHqeAu1wyCmKoCaGS610x7RNJKOisTNPzY9Edv6rjcGaPnyfuoXVmOTdHldpFnksR7aI9VEUOOkE1dI3qyEUUpegZvaBX48l4M96Nj2lrwchndtAfGJ8/9y+WHQ==</latexit>

Respiratory-related component Non-respiratory-related component

0

2⇡
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k = tRk+1 � tRk TNR

k = tNR
k+1 � tNR

k

'̇NR = ! + ⇠(t) (Eq. 9)
<latexit sha1_base64="8z0JUvtxxdL4aFiYhqMLukh4+ng="></latexit><latexit sha1_base64="8z0JUvtxxdL4aFiYhqMLukh4+ng="></latexit><latexit sha1_base64="8z0JUvtxxdL4aFiYhqMLukh4+ng="></latexit><latexit sha1_base64="8z0JUvtxxdL4aFiYhqMLukh4+ng="></latexit>

'̇R = ! + QR('R, ) (Eq. 8)
<latexit sha1_base64="CPPAXhj5xtWibdGsTaHHDbKJub8="></latexit><latexit sha1_base64="CPPAXhj5xtWibdGsTaHHDbKJub8="></latexit><latexit sha1_base64="CPPAXhj5xtWibdGsTaHHDbKJub8="></latexit><latexit sha1_base64="CPPAXhj5xtWibdGsTaHHDbKJub8="></latexit>
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We suggest to use dynamical disentanglement as a 
universal preprocessing tool prior to computation  

of any measures of respiratory sinus arrhythmia (RSA) 

We computed different time-domain, frequency-domain and 
complexity measures from RR-series     .  
Here we show the results for: 
Root mean square of successive differences (RMSSD) (Malik 1996 ) 

Logarithm of the median of the distribution of the absolute values  
of successive differences (LogRSA) (Lehofer et al 1997 )

Tk

RMSSD = ⟨(Tk+1 − Tk)2⟩k

logRSA = log[median |Tk+1 − Tk | ]



Analysis of real data (healthy adults)
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A practical algorithm
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• The proposed technique operates with time-continuous phases 
of the cardiac and respiratory systems,  

• Computation of           is quite complicated: it requires high-
quality measurements and extensive preprocessing 

• Hence, we need a practical (maybe approximate) algorithm that 
would operate only with R-peaks, i.e. with a point process

φ(t), ψ(t)

φ(t)



A practical algorithm
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• The proposed technique operates with time-continuous phases 
of the cardiac and respiratory systems,  

• Computation of           is quite complicated: it requires high-
quality measurements and extensive preprocessing 

• Hence, we need a practical (maybe approximate) algorithm that 
would operate only with R-peaks, i.e. with a point process

φ(t), ψ(t)

φ(t)

…and here it is!



Disentanglement from RR-intervals and respiration
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tk−1 tk+1tk

Tk = tk+1 − tkInterbeat intervals

·φ = ω + QR(φ, ψ) + ξ

Recall the equation

Consider deterministic part and assume weak coupling, ∥ QR ∥≪ ω

Tk = ∫
2π

0

dφ
ω + QR(φ, ψ)

≈
2π
ω

−
1

ω2 ∫
2π

0
QR(φ, ψ)dϕ

 Respiration is much slower than the heart rate
we approximate         by a piece-wise linear function: 

ψ(t) = ψ(tk) + ω(R)
k (t − tk) for tk ≤ t ≤ tk+1

ψ(t)



Disentanglement from RR-intervals and respiration
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Tk = ∫
2π

0

dφ
ω + QR(φ, ψ)

≈
2π
ω

−
1

ω2 ∫
2π

0
QR(φ, ψ)dϕ

 Respiration is much slower than the heart rate
we approximate         by a piece-wise linear function: 

ψ(t) = ψ(tk) + ω(R)
k (t − tk) for tk ≤ t ≤ tk+1

ψ(t)

∫
2π

0
QR(φ, ψ)dφ = ∫

Tk

0
QR[φ(t), ψ(t)]dt ≈ F(ψk, ω(R)

k )

Then

Tk ≈ T − F(ψk, ω(R)
k )/ω2 with T = 2π/ω



Disentanglement from RR-intervals and respiration
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∫
2π

0
QR(φ, ψ)dφ = ∫

Tk

0
QR[φ(t), ψ(t)]dt ≈ F(ψk, ω(R)

k )

Tk ≈ T − F(ψk, ω(R)
k )/ω2 with T = 2π/ω

ω̄We introduce mean respiratory frequency 

and represent       as a Taylor-Fourier series: F

Tk ≈ T +
NF

∑
n=1 [

NT−1

∑
m=0

an,m(ω(R)
k − ω̄)m] cos(nψk) + [

NT−1

∑
m=0

bn,m(ω(R)
k − ω̄)m] sin(nψk)

NT, NF : orders of the Taylor-Fourier series



Disentanglement from RR-intervals and respiration
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Tk ≈ T +
NF

∑
n=1 [

NT−1

∑
m=0

an,m(ω(R)
k − ω̄)m] cos(nψk) + [

NT−1

∑
m=0

bn,m(ω(R)
k − ω̄)m] sin(nψk)

Coefficients                    can be found, e.g., by LMS fitan,m, bn,m

We obtain a coupling map for RR-intervals

Tk ≈ T + ℱ [ψ(tk), ·ψ(tk)]

ω(R)
k = ·ψ(tk)We take



Construction of the respiratory-related RR-series
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Now we construct the respiratory-related RR-intervals:

We take t(R)
1 = t1

Substituting                        into the model we obtain      and  ψ(t1), ·ψ(t1) T1

t(R)
2 = t(R)

1 + T1 … and so on, to obtain all t(R)
k

We obtain a coupling map for RR-intervals

Tk ≈ T + ℱ [ψ(tk), ·ψ(tk)]

and intervals T(R)
k = t(R)

k+1 − t(R)
k



Construction of the non-respiratory-related RR-series
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First, for all original intervals we obtain the rest term (effective noise) 

then 

We obtain a coupling map for RR-intervals

ξk = Tk − T + ℱ [ψ(tk), ·ψ(tk)]
t(NR)
1 = t1We start with and obtain t(NR)

2 = t(NR)
1 + T + ξ1

Next, if already computed           obeys tk < t(NR)
l < tk+1t(NR)

l

t(NR)
l+1 = t(NR)

l + T + ξk +
ξk+1 − ξk

tk+1 − tk
(t(NR)

l − tk)

and T(NR)
k = t(NR)

k+1 − t(NR)
k

Tk ≈ T + ℱ [ψ(tk), ·ψ(tk)]
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Results: model data
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Results: model data
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Results: real data
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Real data: quality of disentanglement

as expected for non-correlated processes

For continuous phase data we have checked that 

Var(RSA-HRV)+Var(Non-RSA-HRV)     Var(HRV)≈

We now check it for point-process time series of R-peaks,  
taking the phase to be piece-wise linear between the events,

·φ(t) = 2π/Tk for tk ≤ t < tk+1

and obtaining

σ2 = var( ·φ(t)) =
4π2

TΣ

N

∑
k=1 ( 1

Tk
−

N
TΣ )

2

Tk, TΣ = ∑
k

Tk

We compute variance for 4 series of intervals:



σ2 = var( ·φ(t)) =
4π2

TΣ

N

∑
k=1 ( 1

Tk
−

N
TΣ )

2

Tk, TΣ = ∑
k

Tk
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Real data: quality of disentanglement

as expected for non-correlated processes

For continuous phase data we have checked that 

Var(RSA-HRV)+Var(Non-RSA-HRV)     Var(HRV)≈

We now check it for point-process time series of R-peaks,  
taking the phase to be piece-wise linear between the events,

·φ(t) = 2π/Tk for tk ≤ t < tk+1

and obtaining

We compute variance for 4 series of intervals:
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Real data: quality of disentanglement

as expected for non-correlated processes

For continuous phase data we have checked that 

Var(RSA-HRV)+Var(Non-RSA-HRV)     Var(HRV)≈

We now check it for point-process time series of R-peaks,  
taking the phase to be piece-wise linear between the events,

·φ(t) = 2π/Tk for tk ≤ t < tk+1

and obtaining

We compute variance for 4 series of intervals:

σ2 = var( ·φ(t)) =
4π2

TΣ

N

∑
k=1 ( 1

Tk
−

N
TΣ )

2

Tk, TΣ = ∑
k
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Real data: quality of disentanglement
·φ(t) = 2π/Tk for tk ≤ t < tk+1 σ2 = var( ·φ(t))

We compute variance for 4 series of intervals:

• variance       for original intervals  

• variance         for continuously-cleansed respiratory-related 
intervals,  

• variance         for map-cleansed respiratory-related intervals 

• variance            for map-cleansed non-respiratory-related 
intervals

σ2
o

σ2
R,c

σ2
R,m

σ2
NR,m

We check that: σ2
R,c ≈ σ2

R,m

σ2
R,m + σ2

NR,m ≈ σ2
o
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Real data: quality of disentanglement
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Real data: quality of disentanglement

variance for continuously-cleansed intervals,
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variance for 
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